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Abst rac t - -Recent  studies on the mechanism governing the Laurentide ice sheet oscillations of 
the Last Ice Age focus on the most critical effect of the basal hydraulic processes enhanced when the 
ice is sliding along soft deformable beds. To understand the import of this, we consider Fowler and 
Johnson's 0-D hydrological flow model describing the sudden and rapid movements forward (surges) 
of a till-based 1-D ice sheet sliding on a fiat soft bed. The basic idea is that the interplay between 
the ice sheets dynamics, the basal drainage system, and the sliding law can generate a surging 
behaviour. Mathematically this means that a multiple valued relationship between the ice flux and 
the ice thickness arises and the mass conservation equation turns out to be of multivalued type for 
some special values of the dimensionless parameters involved in the model. Assuming that a multiple 
valued ice flux law of the Fowler and Johnson type holds, we prove the existence of a weak bounded 
discontinuous solution to the system which becomes periodic after a suitable time. @ 2000 Elsevier 
Science Ltd. All rights reserved. 
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1. THE MODEL EQUATIONS 
To show the relationship between mult ivalued flux laws and the sudden and rapid movements 
of the ice sheets (surging) oscil lating between slow and fast flow regimes, it is useful to consider 
the (simple) parameter ized 0-D model proposed by Fowler and Johnson [1]. Neglecting spatial  
derivatives (by spatial homogenization),  the authors obtained a coupled system of five equations 
in terms of the unknown variables of thickness h, velocity u, shear % water flux Qw, and effective 
pressure N,  
]~ =a-hu ,  
~- = h 2, (1) 
T = (Turn s, 
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N = hl/6Q~ 1/3, if Qw > 0, 
Qw = 1 + Tu - ~u  1/2 - (~h -1 ,  (1)(cont.) 
where a is the average accumulation rate function and exponents r, s have typical values r ~ 1/4, 
s ~ 1/4. The parameters p, a, and 5 are dimensionless quantities of order O(1). Note that all 
variables are assumed to be just t dependent and that h dh 
Let qb -- #u 1/2 +Sh-1 be the cooling term representing the heating flux released to the colder ice 
above. System (1) represents, in turn, the mass conservation equation, the shear stress formula, 
the sliding law, and an equilibrium theory of drainage to describe the effective pressure and the 
water flux in a hydraulic system composed by canals, see [2]. Using (1) 2,3,4, it is possible to 
write 
h2-(s/6)t,~)s/3 r = .  , (2 )  
and thus we have to solve 
h=a-hu ,  
(3 )  ] = o-urh(S/6) -2. [1 + h2u - ,u  1/2 - 5h-'J  s/3 
Introducing the new variable D = hu (describing the ice discharge), we get an implicit rela- 
tionship between h = h(t) and D = D(t). 
[ 1 + h D - # hX/2 = aDrh (8/6)-2-r. (4) 
Equation (4) is valid providing 0. < qb < 1 + TU = 1 + h2u, corresponding to a temperate base. 
The basic feature of system (3) relies on the possible onset of two different regimes of flux D 
(discharges) for the same thickness h. 
In fact, Fowler and Johnson [1] proved that, fixed h > 0, the relationship (4) can be multivalued 
for some special values of the dimensionless parameters #, a, and 5 and exponents r and s. 
Such a behaviour, called hydraulic run-away, can provide a mechanism for the thermal control 
of the oscillatory behaviour of the Laurentide ice sheet during the Last Ice Age. 
It is then physically meaningful to analyze mathematically the behaviour of the conservation 
law (1)1 when a multivalued flux law is explicitly prescribed. As a preliminary result, this note 
is devoted to prove the existence of weak solutions to the initial values problem associated with 
the continuity equation. Moreover, as a by-product of our technique, we can show that, after a 
finite time, there exists at least a (weak) solution becoming periodic. 
1.1 Ex istence of Solut ions 
We shall consider the following problem. To determine a real valued function h(t) which is a 
solution of the initial value problem for ordinary differential equations of multivalued type 
h + Q(h) ~ a, in (0, ¢x)), (5) 
h(0) = h0, 
where Q is a continuous graph of I~ 2 satisfying 
there exist real numbers hm and hc such that 0 < h0 < hm < hc < c~ and 
| there  exist Q_ : [0, he] ~ [0, oc) continuous and strictly increasing, Qi : 
H e - ~ [he, hm] , [0, c~) continuous and strictly increasing, Q+ : [hm, oa) 
] [0, c~) continuous and strictly increasing, where Q_ (he) =- Qi(hc) and 
(Q+(hm) = Q~(hm). 
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Figure 1. Multiple-valued ice flux as a function of ice thickness. If a has the interme- 
diate value indicated, then cyclic oscillations will occur between the upper and lower 
branches. Details on the physics of the mechanism can be found in [1]. 
We shall assume the following hypothesis on the accumulat ion rate function a: 
Ha  --- {a is constant and a e (Qi(hc),Qi(hm)) = (Q-(hc),Q+(hm))}. 
Note that  the hypothesis  HQ allows us to consider a continuous graph of R 2 of the type shown 
in F igure 1. 
We shall now introduce a notion of weak solution of problem (5) which is coherent with the 
usual not ion of weak solution when Q is assumed to be a maximal  monotone graph of ]R 2 (see [3]). 
W:': (0 co) is a weak solution of DEFINITION 1. Let ho > O. We shall say that a function h E Loc~, 
problem (5) if we have the following. 
1. There exists a function O(t) E L~oc(0, oc) such that 
(a) 
(l(t) e Q(h(t)), a.e. t e [0, c~), 
and 
(b) 
h(t) = a - 4(t), a.e. t e (0, co). 
2. The initial condition, h(O) = ho, holds. 
We can now state the main result of this note about  the existence of weak periodic solutions 
for problem (5). 
THEOREM l .  Let the continuous graph Q and the accumulation rate function a satisfying the 
hypotheses H• and Ha,  respectively. Let ho > 0 be a given initial state. Then there exists (at 
least) a solution of problem (5) becoming periodic after a finite time To in the sense: 
I S ho dh ifho < hm, 
a - Q_ (h)' 
h(t + tp) = h(t), Vt > To := O, if ho 6 (hm, he), 
dh if ho > hc, 
Q+(h)  - a' 
where 
fh hc dh tp -- 
m a - Q_(h) 
fh hc dh 
+ m Q+(h) -a"  
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PROOF. Let us suppose 0 < h0 < hc (otherwise the argument can easily be adapted). We 
consider a function hi (t) characterized as a solution of the problem 
= a - Q_  (h i ) ,  on  (0, oo) ,  (6) 
hi(0) = h0. 
By assumption, the right-hand side of (6) is continuous and by Cauchy's theorem, we get the 
existence of such function hi. Also, it is possible to state that hi is well defined for t e [0, T J  
with h l (T J  = hc being 
j~h c dh 
o a -Q_(h) :=T1.  
Notice that hi(t) >_ 0 because a > Q_(h),  Vh E [0, he) by Ha. We now define h2(t) as a solution 
of 
h2 = a - Q+(h2), on (T1, T2), (7) 
h2(T1) = he. 
The instant T2 is inferred by 
T2-T I :  . . . .  >0.  
c a -  Q+(h) m a -  Q,+(h) .~ Q+(h) - a 
Observe also that h2(t) <_ 0 because a < Q+(h), Vh e [hm, oo). Finally, we shall introduce h3(t) 
as a solution of the problem 
h3 = a - Q_ (h3), on (T2, T3), (8) 
h3(T2) = hm, 
whereas T3 is given by 
Following inductively this process and 
of problem (5): 
h(t) = 
where the functions h2,, and h3,n are 
h h ° dh T3-  T2 := 
m a - Q_(h) 
renaming h2 = h2,1, h3 = h3,1, we build up a solution h(t) 
hi(t), on (0, T J ,  
h2,1(t), on [T1, T2), 
h3,1(t), on [T2, T3), 
• . .  
h2,n(t), on [T2n-l,T2n), 
h3,n(t), on [T2n, T2n+J, 
defined recursively using h2j and h3,1 as 
(9) 
h2,n = h2,1, on [Tl+2(n-1),T2+2(n-1)), Vn E N, 
h3,n = h3,1, on  [T2+2(n_l) ,T3+2(n_l))  , Vn  E N, 
being T2n-1 - T1 and T2n = 2"2, Vn E N. Finally, we observe that, by construction, 
h l (T J  = hc = h~(TJ,  h2(T2) = hm = h3(T2), 
where tp is the period defined by 
fh h° dh tp - / "3 -T I=(T3-T2)+(T2-T1)= .. a - Q_(h) ~h h~ dh + .~ Q+(h) -  a 
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REMARK 1. The functions h(t) and ~(t) have the following regularity properties: 
/1 E C 1 (~ - {T1 -}- (?1 - 1)tp, T 2 -}- (n - 1) tp ,Vn  e N}),  
c C O (R -  {T1 + (n -  1)tp,T2 + (n - 1)tp, Vn  E N}).  
Moreover, denoting by ~.]1 the jump of a function, we have 
Ill(T1 -F (71 - 1)tp) 1 ~- - ~q(T 1 -F (71 - X)tp)~ ~-- -Q+(h  c ~- O) -F Q- (h  c - O) = V+rn - Q[ <i 0, 
Ih(T2 + (n - 1)tp) 1 = - I{(T2 + (n - 1)tp) 1 = Q+(hc + O) + Q- (hc  - O) = Q~ - Q+ > o. 
REMARK 2. Theorem 1 provides a rigorous proof of the t ime periodicity corresponding to relax- 
ation oscillations suggested by Fowler and Johnson [1]. For a more realistic model, see [4], while 
its mathemat ica l  analysis can be found in [5]. 
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